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$EVWUDFW 
7KH FKDUDFWHULVWLFV RI SDUWLFOHODGHQ WXUEXOHQW SLSH IORZV ZLWK VWDWLRQDU\ YDULDEOH KRPRJHQHRXV EHG KHLJKWV DUH
VWXGLHGXVLQJ ODUJHHGG\VLPXODWLRQFRXSOHGWRGLVFUHWHSDUWLFOHVLPXODWLRQDQGFRPSDUHGWRDUHIHUHQFHIXOOSLSH
IORZ +RPRJHQHRXV VWDWLRQDU\ VHGLPHQW EHGV RI YDULRXV KHLJKWV DUH LQYHVWLJDWHG WR PLPLF JHRPHWULHV ZLWK WKH
SUHVHQFHRIGHSRVLWHGSDUWLFOHVWKDWKDYHIRUPHGDEHGDWWKHERWWRPRIWKHSLSHZKLFKDUHUHOHYDQWWRQXFOHDUZDVWH
SURFHVVLQJRSHUDWLRQV7KHIODWERXQGDU\IRUPHGE\WKHEHGLVIRXQGWRLQGXFHGLIIHUHQWGHJUHHVRIVHFRQGDU\IORZV
DQGPRGLILFDWLRQVWRWKHIOXLGWXUEXOHQFHVWDWLVWLFVDQGSDUWLFOHG\QDPLFV7KHUHVXOWVREWDLQHGDUHRIGLUHFWUHOHYDQFH
WR WKHEHKDYLRXURI WKH WZRSKDVH IORZVHQFRXQWHUHGGXULQJQXFOHDUZDVWHSURFHVVLQJDQGKDYH LPSOLFDWLRQV IRU
SDUWLFOHGLVSHUVLRQDJJORPHUDWLRQGHSRVLWLRQDQGEHGIRUPDWLRQDVZHOODVSDUWLFOHUHVXVSHQVLRQIURPEHGVLQSLSH
IORZVWUDQVSRUWLQJVXFKZDVWH 
 
,QWURGXFWLRQ 
'XULQJGHFRPPLVVLRQLQJRIWKH8.¶VOHJDF\QXFOHDU
ZDVWHZLWKVLPLODUZDVWHVH[LVWLQJLQDQXPEHURIRWKHU
FRXQWULHV ZDVWH LQ WHPSRUDU\ VWRUDJH QHHGV WR EH
UHWULHYHG DQG WUDQVSRUWHG WR VXSSOHPHQWDU\ WUHDWPHQW
IDFLOLWLHV IRU SUHWUHDWPHQW SULRU WR LPPRELOLVDWLRQ DQG
HYHQWXDO SHUPDQHQW VWRUDJH 3UDFWLWLRQHUV LQYROYHG LQ
WKLV ZDVWH PDQDJHPHQW SURFHVV DGRSW VHYHUDO
WHFKQLTXHV WR UHGXFHZDVWHYROXPHVDQG LPSURYH WKH
PDQDJHPHQWRIZDVWH GLVSRVDO0LQLPLVLQJ WKH ZDVWH
YROXPHUHVXOWVLQKLJKPDVVORDGLQJZKLFKLVGHVLUDEOH
WR UHGXFH SURFHVVLQJ FRVWV KRZHYHU WKLV FDXVHV WKH
ZDVWH WR EHFRPH PRUH FRQFHQWUDWHG LQ WHUPV RI WKH
SDUWLFOH YROXPH IUDFWLRQ DQG XQGHVLUDEOH SDUWLFOH
DJJORPHUDWLRQDQGSDUWLFOHVHWWOLQJSURFHVVHVEHFRPH
PRUH RI DQ LVVXH $OVR GXULQJ WKH WUDQVSRUW DQG
SURFHVVLQJ RI SDUWLFOHODGHQ IORZV RU VOXGJHV LI WKH
VROLGOLTXLGIORZUDWHEHFRPHVWRRORZWRVXVSHQGDOOWKH
VROLGSDUWLFOHVLQWKHIORZWKHQLWLVQRWXQFRPPRQIRUD
VWDWLRQDU\VROLGVHGLPHQWEHGWRIRUPDW WKHERWWRPRI
WKH FURVVVHFWLRQ RI WKH FRQYH\LQJ FKDQQHO RU SLSH$
VROLG EHG LQ WKH EDVH RI D SLSH LV D WURXEOHVRPH
SKHQRPHQRQDVLWFDQ OHDGWRHQKDQFHGSLSHHURVLRQ
SOXJJLQJRUFRPSOHWHSLSHEORFNDJH3DUWLFOHGHSRVLWLRQ
DQGEHGIRUPDWLRQFDQDOVROHDGWRPRGLILFDWLRQVLQWKH
GHVLJQHG IOXLG G\QDPLFV RI WKH V\VWHPV XVHG LQ
SURFHVVLQJ 
Several experimental and numerical studies (e.g. 
Eggels et al. 1994; Uijttewaal & Oliemans 1996; den 
Toonder & Nieuwstadt 1997; El Khoury et al. 2013) have 
been performed over the few past decades to gain a 
thorough understanding of the fundamentals of single-
phase pipe flows and fully suspended (liquid-solid) flows 
in pipes. 7KHZRUNVFRQGXFWHGRQSLSH IORZVZKHUHD
VWDWLRQDU\ VROLG VHGLPHQW EHG H[LVWV DUH OLPLWHG HJ
0DWRXãHN  DQG PRVW RI WKH DYDLODEOH ZRUNV
FRQFHUQ IORZV LQVWUDLJKWVHPLFLUFXODUFURVVVHFWLRQHG
GXFWVHJ%HUELVKHWDO/DUVVRQHWDOZLWK
WKHPDLQIRFXVEHLQJLQUHODWLRQWREHGWUDQVSRUWLQULYHUV
DQGVHZDJHV\VWHPV2WKHUVKDYHEHHQFRQFHUQHGZLWK
WKHGHWHUPLQDWLRQRISUDFWLFDO HQJLQHHULQJFRUUHODWLRQV
IRU WKH DYHUDJH 1XVVHOW QXPEHU DQG DYHUDJH 'DUF\
IULFWLRQ IDFWRU LQ VXFK IORZV 7KHVH SDSHUV GLG QRW
KRZHYHU FRQVLGHU the effect of the presence of a 
sediment bed on the single-phase flow and turbulence 
fields, and the attendant effect of the modified single-
phase flow characteristics on the dynamics of particle 
dispersion, agglomeration, deposition and bed 
formation. The study by Larsson et al. (2011), for 
example, ZDVOLPLWHGWR IORZVLQVHPLFLUFXODUGXFWVDQG
IRFXVHG RQ WKH WXUEXOHQW GULYHQ VHFRQGDU\ IORZV RI
3UDQGWO¶V VHFRQG NLQG 7KH LQIOXHQFH RI GLIIHUHQW
sediment bed heights on such flows has not been 
previously considered. 
The modelling of turbulent fully suspended particle-
laden flows in circular cross-section channels is 
complex, and the addition of stationary variable height 
homogeneous beds increase this complexity. Since this 
flow configuration, with the presence of solid beds, is 
encountered both in nature and in engineering practice, 
it is important to develop techniques that can predict the 
fully suspended flows above deposits, as well as the 
deposition process itself. 0DWRXãHN has shown 
that the majority of available slurry flow models do not 
account for the presence of a deposited bed below the 
flow. 
The presence of a stationary smooth surface, used 
to idealise the upper surface of a bed, introduces a flat 
boundary that is seen by the flow, in contrast to the 
circular boundary in the case of full pipe flows. It is 
expected that this flat boundary will introduce turbulent 
driven secondary flows RI3UDQGWO¶VVHFRQGNLQGthat are 
inherent in flows in square cross-sectioned ducts. In this 
work, therefore, is our intention to compare how the 
presence or absence of these secondary flows affects 
the overall characteristics and behaviour of particle-
laden turbulent flows. 
8QGHUVWDQGLQJWKHHIIHFWWKDWDVWDWLRQDU\EHGKDVRQ
DOLTXLGIORZDQGWKHVXVSHQGHGSDUWLFOHVZLWKLQLWDQG
FRPSDULVRQV RI WKH PXOWLSKDVH EHKDYLRXU ZLWKLQ D
YDULHW\RISLSHJHRPHWULHVDUH WKHPRWLYDWLRQV IRU WKH
ZRUNGHVFULEHGLQWKLVSDSHU7KHUHIRUHZHLQYHVWLJDWH
WKHVH V\VWHPV XVLQJ D SUHYLRXVO\ ZHOOYDOLGDWHG ODUJH
HGG\ VLPXODWLRQ /(6 FRXSOHG WR D GLVFUHWH SDUWLFOH
VLPXODWLRQ1MREXHQZX	)DLUZHDWKHU 
1XPHULFDO0HWKRGV 
A coupled Eulerian-Lagrangian approach is adopted. 
An Eulerian description of the continuous phase, in the 
context of large eddy simulation, is employed. In LES, 
the continuity and Navier-Stokes equations are spatially 
filtered so that the energy containing large-scale 
turbulent motions are directly solved for, whilst the 
scales smaller than the filter width, that is the sub-grid 
scales, are modelled. The filtered continuity and Navier-
Stokes equations are given as (Bini & Jones 2008): 
 D?D?ത௜D?D?௜ ൌ  ? (1) 
 D?D?ത௜D?D?൅ D?ത௝ D?D?ത௜D?D?௝ ൌ െ  ?D?D?D?ҧD?D?௜ ൅ D?D?ҧ௜௝D?D?௝ െ D?D?௜௝௦௚௦D?D?௝  ൅ ȫD?௜ଷ (2) 
 
7KH WHQVRUV D?ҧ௜௝ DQG D?௜௝௦௚௦ DUH WKH YLVFRXV DQG WKH
XQNQRZQVXEJULGVFDOHWHQVRUVZLWKWKHODWWHUZKLFK
UHSUHVHQWVWKHHIIHFWRIWKHVXEJULGVFDOHPRWLRQVRQ
WKH UHVROYHG PRWLRQV FORVHG XVLQJ WKH G\QDPLFDOO\
FDOLEUDWHG YHUVLRQ RI WKH 6PDJRULQVN\ PRGHO
*HUPDQRHWDO3LRPHOOL	/LX ,Q WKHVH
HTXDWLRQV WKH VRXUFH WHUP ȫ LV WKH PHDQ SUHVVXUH
JUDGLHQW LPSRVHG WKDW GULYHV WKH IORZ DQG D?௜ଷ LV WKH.URQHFNHU IXQFWLRQ D?௜௝ ൌ  ? IRU  ൌ D? D?௜௝ ൌ  ? IRU D? ്D? 
7KH /(6 ZDV FRXSOHG ZLWK D /DJUDQJLDQ SDUWLFOH
WUDFNLQJDSSURDFKIRUWKHGLVSHUVHGSKDVHZKHUHWKH
PRWLRQRIDSDUWLFOHLQDWXUEXOHQWIORZLVREWDLQHGIURPD?௣ ൌ D?D?ZLWK D? JLYHQE\ 
D? ൌ ቊሺD?ഥ െ D?ሻD?௣ D?஽ ൅ D?ௌ௅  ?D? ?D?௣ ሾሺD?ഥ െ D?ሻ ൈ ૑ഥ ሿ ൅ D?D?௣ D?ഥD?൅ D? ?D?௣ ൬D?ഥD?െ D?D?൰ቋ D?൅ ቆD?଴ D?௦௚௦D?௧ ቇ଴Ǥହ D?௧ 
(3) 
Here, the derivatives ȀD? ൌ D?ȀD?D?൅ D? ڄ ׏D?ഥ and ȀD? ൌ D?D?ഥȀD?D?൅ D?ഥ ڄ ׏D?ഥ represent Lagrangian derivatives, 
following the particle and the containing fluid element, 
respectively, and boldface symbols denote vector 
quantities. The terms on the right-hand side of the 
equation are, respectively, contributions from the drag, 
shear lift, pressure-gradient and added mass forces, 
and a stochastic force term accounting for the 
influence of the sub-grid scale fluid velocity fluctuations 
on particle acceleration (Bini & Jones 2008; 
Njobuenwu & Fairweather 2017). The terms D? and D?௣ 
are the particle instantaneous velocity and position, and D?ഥ and ૑ഥ ൌ  ?Ǥ ?ሺ׏ ൈ D?ഥሻ are the known resolved fluid 
velocities and rotation interpolated at the particle 
position. The terms D?஽  and D?ௌ௅  are, respectively, the 
drag and shear lift forces terms taken from the Schiller 
and Naumann drag correlation (Clift et al. 1978) and the 
Mei (1992) shear lift force correlation, both due to the 
SDUWLFOHV¶ILQLWH5H\QROGVQXPEHU 
For the stochastic term, D?଴ ൌ  ? is a dispersion 
coefficient (Bini & Jones 2007) and the unresolved 
kinetic energy, D?௦௚௦ ൌ  ?ȟଶD?ௌଶȀଷD?ҧ௜௝D?ҧ௜௝ , of the continuous 
phase is computed assuming equilibrium of the small 
scales Ǥ  The term D?D?௧ ൌ ૆ ൈ  ?D?D? is the incremental 
Wiener term, where ૆ is a random vector sampled with 
zero mean and a variance of unity, independently for 
each time step. The parameters ȟ, D?ௌ and D?ҧ௜௝ are the 
filter width, Smagorinsky constant and filtered strain 
tensor, respectively. The interaction between particles 
and fluid phase turbulence is considered by the time 
scale, D?௧ ൌ D?௣ . Other alternative time scales are 
reported in Bini & Jones (2007). 
7KH %2)),1/(6 FRGH %LQL 	 -RQHV  ZDV
XVHG WRVROYH WKHGHVFULSWLYH IOXLGG\QDPLFHTXDWLRQV
7KH %2)),1 FRGH LPSOHPHQWV &DUWHVLDQ YHORFLW\
FRPSRQHQWV DQG D ERXQGDU\ FRQIRUPLQJ JHQHUDO
FXUYLOLQHDUFRRUGLQDWHV\VWHPZLWKDFRORFDWHGYDULDEOH
VWRUDJHDUUDQJHPHQW,WLVEDVHGRQDIXOO\LPSOLFLW ORZ
0DFKQXPEHUIRUPXODWLRQDQGLVVHFRQGRUGHUDFFXUDWH
LQ VSDFH DQG WLPH )RU WKH PRPHQWXP HTXDWLRQ
FRQYHFWLRQ WHUPV DQ HQHUJ\FRQVHUYLQJ GLVFUHWLVDWLRQ
VFKHPH LV XVHG $OO RWKHU VSDWLDO GHULYDWLYHV DUH
DSSUR[LPDWHG E\ VWDQGDUG VHFRQGRUGHU FHQWUDO
GLIIHUHQFHV 7LPH GHULYDWLYHV DUH DSSUR[LPDWHG E\ D
WKUHHSRLQWEDFNZDUGGLIIHUHQFHVFKHPHZLWKDYDULDEOH
WLPHVWHSWRHQVXUHWKDWWKHPD[LPXP&RXUDQWQXPEHU
EDVHGRQWKHILOWHUHGYHORFLW\DOZD\V OLHVEHWZHHQ
DQG  $ WZRVWHS VHFRQGRUGHU WLPHDFFXUDWH
DSSUR[LPDWHIDFWRULVDWLRQPHWKRG5KLH	&KRZ
LVDSSOLHGWRGHWHUPLQHWKHSUHVVXUHDQGHQVXUHPDVV
FRQVHUYDWLRQLQFRQMXQFWLRQZLWKDSUHVVXUHVPRRWKLQJ
WHFKQLTXHWRSUHYHQWHYHQRGGQRGHXQFRXSOLQJRIWKH
SUHVVXUH DQG YHORFLW\ ILHOGV 7KH V\VWHP RI DOJHEUDLF
HTXDWLRQV UHVXOWLQJ IURP WKH GLVFUHWLVDWLRQ LV VROYHG
XVLQJ D PDWUL[ SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW
PHWKRGIRUWKHPDWUL[RIYHORFLW\YHFWRUVYDQGHU9RUVW
DQGWKHLQFRPSOHWH&KROHVN\FRQMXJDWHJUDGLHQW
PHWKRGIRUWKHSUHVVXUH.HUVKDZ  
7KH SDUWLFOH HTXDWLRQV RI PRWLRQ ZHUH LQWHJUDWHG
XVLQJ D IRXUWKRUGHU 5XQJH.XWWD VFKHPH ZLWK D
WULOLQHDU LQWHUSRODWLRQ VFKHPH XVHG WR REWDLQ WKH
LQVWDQWDQHRXV IOXLGYHORFLW\YHORFLW\JUDGLHQWVXEJULG
VFDOHNLQHWLFHQHUJ\DQGWXUEXOHQFHHQHUJ\GLVVLSDWLRQ
UDWHDWDSDUWLFOH¶VSRVLWLRQ7KHSDUWLFOHV¶LQLWLDOSRVLWLRQ
DWWKHVWDUWRIDVLPXODWLRQZDVUDQGRPDQGWKHLQLWLDO
YHORFLW\ZDVVHWHTXDOWRWKDWRIWKHIOXLGDWWKHSDUWLFOH¶V
SRVLWLRQ  
3HULRGLF ERXQGDU\ FRQGLWLRQV ZHUH LPSRVHG LQ WKH
VWUHDPZLVH GLUHFWLRQ IRU ERWK WKH IOXLG IORZ DQG WKH
SDUWLFOHVPDNLQJ LWSRVVLEOH WRSURORQJ WKHGXUDWLRQRI
WKH IORZ E\ FRQWLQXRXV UHFLUFXODWLRQ RI WKH IOXLG DQG
SDUWLFOHVEDFNLQWRWKHGRPDLQZLWKDQRVOLSFRQGLWLRQ
XVHG DW WKH ZDOOV DQG WKH VLPXODWHG EHG VXUIDFH )RU
SDUWLFOHZDOODQGVXUIDFHLQWHUDFWLRQVWKHSHUIHFWHODVWLF
FROOLVLRQFRQGLWLRQZDVDGRSWHGVXFK WKDWDOOFROOLVLRQV
UHVXOWHGLQDUHERXQGEDFNLQWRWKHFRPSXWDWLRQDOGRPDLQ
ZLWKQRORVVRINLQHWLFHQHUJ\)XUWKHUGHWDLOVRIWKHQXPHULFDO
LQLWLDODQGERXQGDU\FRQGLWLRQVFDQEHIRXQGLQ%LQL	-RQHV
DQG  1MREXHQZX	)DLUZHDWKHU  
7KH IORZ ZDV FKDUDFWHULVHG E\ LWV VKHDU 5H\QROGV
QXPEHU D?D?ఛ ൌ D?ఛD?ȀD?EDVHGRQWKHVKHDUYHORFLW\ D?ఛWKHUDGLXVRIWKHIXOOSLSH D?DQGWKHNLQHPDWLFYLVFRVLW\D?/(6ZDVFDUULHGRXWIRUWKHIORZRIDQLQFRPSUHVVLEOH
YLVFRXVIOXLGLQDVPRRWKFLUFXODUSLSHZLWKYDU\LQJEHG
KHLJKWV D?௛ ൌ  ?ǡ  ?Ȁ ?DQG  ?Ȁ ? UHSUHVHQWLQJ IXOO SLSHWKUHHTXDUWHU SLSH DQG KDOISLSH IORZV LQ WKH WXUEXOHQW
UHJLPHDWIRXUGLIIHUHQWVKHDU5H\QROGVQXPEHUV D?D?ఛ ൌ ? ? ?ǡ DQG7KHSLSHIORZZLWKEHGKHLJKWD?௛ ൌ  ?Ȁ ? LVHTXLYDOHQW WR WKHKRUL]RQWDOVPRRWKVHPLFLUFXODUFURVVVHFWLRQHGGXFWIORZIRXQGLQWKHOLWHUDWXUH
DQGQRWHGHDUOLHU7KHSLSHZDVSRSXODWHGZLWKVSKHULFDO
SDUWLFOHVZLWKDIL[HGSDUWLFOH6WRNHVQXPEHUEDVHGRQ
WKHYLVFRXVVFDOHRI D?D?ൌ  ?  
5HVXOWVDQG'LVFXVVLRQ 
7R GHPRQVWUDWH WKDW WKH IORZ VWUXFWXUHV DUH
SUHVHUYHG WKH LQVWDQWDQHRXV YHORFLW\ DQG YRUWLFLW\
SURILOHV LQ D FURVVVHFWLRQDO SODQH RI WKH SLSH DUH
YLVXDOLVHG DQG SUHVHQWHG )LJXUH  VKRZV FURVV
VHFWLRQV RI WKH LQVWDQWDQHRXV VWUHDPZLVH YHORFLW\ IRU
WKH IRXU VKHDU 5H\QROGV QXPEHU SLSH IORZV DW D?D?ఛ ൌ ? ? ?  ? ? ?  ? ? ? DQG  ? ? ? ? IRU WKH IXOO SLSH FDVH ,W LV
HYLGHQWIURPWKHWZRGLPHQVLRQDOYLVXDOLVDWLRQWKDWIORZ
VWUXFWXUHV EHFRPH VPDOOHU DV WKH IOXLG 5H\QROGV
QXPEHU LQFUHDVHV IURP D?D?ఛ ൌ  ? ? ? LQ )LJXUH D WRD?D?ఛ ൌ  ? ? ? ? LQ)LJXUHG ,QDGGLWLRQ WKHVL]HRI WKHFKDUDFWHULVWLF PXVKURRP VKDSHG VWUXFWXUHV RU
PXVKURRPHGGLHVLQWKHSLSHQHDUZDOOUHJLRQUHGXFHV
VLJQLILFDQWO\ ZLWK LQFUHDVHV LQ 5H\QROGV QXPEHU 7KLV
REVHUYDWLRQ LVFRQVLVWHQWZLWKWKDWREWDLQHGZLWKGLUHFW
QXPHULFDOVLPXODWLRQ(O.KRXU\HWDO 
)LJXUH  VKRZV WKH LQVWDQWDQHRXV VWUHDPZLVH
YRUWLFLW\ RI WKH IRXU VKHDU 5H\QROGV QXPEHU IORZV
6LPLODUWRWKHREVHUYDWLRQVPDGHLQUHODWLRQWR)LJXUH
WKHFRXQWHUURWDWLQJYRUWLFDOVWUXFWXUHVQHDUWKHSLSHZDOO
DUH FOHDUO\ VHHQ DQG WKHLU VL]H EHFRPHV VPDOOHU ZLWK
LQFUHDVHV LQ WKH VKHDU 5H\QROGV QXPEHU IURP D?D?ఛ ൌ ? ? ? WR$OVRIURP)LJXUHZHFDQREVHUYHWKH
VPDOOVFDOHQHDUZDOOVWUXFWXUHVWKDWFRUUHVSRQGWRWKH
VWUHDPZLVHORZDQGKLJKVSHHGVWUHDNVDVZHOODVWKH
ODUJHVFDOH WXUEXOHQWVWUXFWXUHV LQ WKHRXWHU UHJLRQVRI
WKHIORZ)LJXUHDOVRVKRZVWKHORZVSHHGVWUHDNVDWD?ା ? ? ? IURP WKH SLSH ERXQGDU\ IRU VKHDU 5H\QROGV
QXPEHU D?D?ఛ ൌ  ? ? ?DQGIRUWKHIXOOSLSH D?௛ ൌ  ?WKUHHTXDUWHUSLSH D?௛ ൌ  ?Ȁ ?ǡ DQGKDOISLSH D?௛ ൌ  ?Ȁ ?ǡ IORZV7KXVWKHVWUHDPZLVHYHORFLW\ILHOG LQWKH ODPLQDUVXE
OD\HU DQG EXIIHU UHJLRQV RI ZDOOERXQGHG IORZV LV
RUJDQLVHG LQWR DOWHUQDWLQJ DQGHORQJDWHG VWUHDPZLVH
RULHQWDWHGQDUURZVWUHDNVRIKLJKDQG ORZVSHHGIOXLG
7KHVHVWUHDNVDUHFDXVHGE\TXDVLVWHDG\VWUHDPZLVH
YRUWLFHV WKDW LV ORQJ WKLQ WXEHV RI YRUWLFLW\ WKDW DUH
RULHQWDWHGSULQFLSDOO\LQWKHVWUHDPZLVHGLUHFWLRQ 
 
  
 
  
 
)LJXUH  3VHXGRFRORXU YLVXDOLVDWLRQ RI WKH
LQVWDQWDQHRXVVWUHDPZLVHYHORFLW\ D?௭ା ൌ D?௭ȀD?ఛ IRU DD?D?ఛ ൌ  ? ? ? E D?D?ఛ ൌ  ? ? ? F D?D?ఛ ൌ  ? ? ? DQG GD?D?ఛ ൌ  ? ? ? ?1RWHWKHFRORXUVYDU\IURPEODFNWRZKLWH 
 
)LJXUHVKRZVDYDOLGDWLRQRI WKH/(6SUHGLFWLRQV
DJDLQVWDYDLODEOHGLUHFWQXPHULFDOVLPXODWLRQUHVXOWV(O
.KRXU\HWDOIRUWKH D?D?ఛ ൌ  ? ? ? IORZDQGWKHIXOOSLSH FDVH *RRG DJUHHPHQW LV IRXQG LQ WHUPV RI WKH
PHDQ VWUHDPZLVH YHORFLW\ )LJXUH D DQG WKH URRW
PHDQVTXDUHRIWKHYHORFLW\IOXFWXDWLRQVDQGWKHVKHDU
VWUHVVLQ)LJXUHEFRQILUPLQJWKDWWKHXVHRIDKLJKO\
UHVROYHG /(6 DQG G\QDPLF PRGHOOLQJ RI WKH VXEJULG
VFDOHWHUPJLYHVUHOLDEOHUHVXOWV 
 
  
 
  
 
)LJXUH  3VHXGRFRORXU YLVXDOLVDWLRQ RI WKH
LQVWDQWDQHRXV VWUHDPZLVH YRUWLFLW\ D?௭ା IRU D D?D?ఛ ൌ ? ? ?E D?D?ఛ ൌ  ? ? ?F D?D?ఛ ൌ  ? ? ? DQGG D?D?ఛ ൌ  ? ? ? ?1RWH UHG UHSUHVHQWV SRVLWLYH YDOXHV DQG EOXH
UHSUHVHQWVQHJDWLYHYDOXHV 
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)LJXUH  /RZVSHHGVWUHDNV DW D?ା ? ? ? IRU VKHDU
5H\QROGV QXPEHU D?D?ఛ ൌ  ? ? ? IRU D IXOO SLSH IORZ EWKUHHTXDUWHUSLSHIORZDQGFKDOISLSHIORZ 
 
 
 
)LJXUH3URILOHVRIDPHDQVWUHDPZLVHYHORFLW\ D?௭ାDQG E WXUEXOHQFH LQWHQVLWLHV D?௥௠௦ DQG 5H\QROGVVKHDU VWUHVV D?௫D?௭ LQ LQQHU VFDOLQJ DV D IXQFWLRQ RID?ା ൌ ሺ ? െ D?ሻା DW D?D?ఛ ൌ  ? ? ? IRUEHGKHLJKW D?௛ ൌ  ? 
 
 
  
 
  
 
  
 
)LJXUH  9LVXDOLVDWLRQ RI WKH WXUEXOHQW SLSH IORZ DW
VKHDU5H\QROGVQXPEHU D?D?ఛ ൌ  ? ? ?RYHUDFRQVWDQW ]SODQH ZLWK D F H FRQWRXUV RI LQVWDQWDQHRXV
VWUHDPZLVH YHORFLW\ QRUPDOLVHG E\ WKH VKHDU YHORFLW\D?௭ାDQGEGIYHFWRUVRIWKHPHDQYHORFLW\IRUDEIXOO SLSH D?௛ ൌ  ? F G WKUHH TXDUWHUSLSH D?௛ ൌ  ?Ȁ ?DQGHIKDOISLSH D?௛ ൌ  ?Ȁ ? 
 
7KHSUHGLFWHGLQVWDQWDQHRXVVWUHDPZLVHYHORFLW\IRU
WKH YDULRXVEHGKHLJKWV LV VKRZQ LQ )LJXUHD FH
7KH VL]H RI WKH PXVKURRPHGGLHV PHQWLRQHG DV
RFFXUULQJ LQ WKH SLSH QHDUZDOO UHJLRQ LQ )LJXUH  DUH
VHHQKHUHWRUHGXFHVLJQLILFDQWO\ZLWKDQLQFUHDVHLQWKH
EHGKHLJKW IURP D?௛ ൌ  ? LQD WR D?௛ ൌ  ?Ȁ ? LQ)LJXUHH7KLVLVGXHWRWKHSUHVHQFHRIVHFRQGDU\IORZVDV
VKRZQLQ)LJXUHEGIWKURXJKYHORFLW\YHFWRUSORWV
EDVHGRQPHDQYHORFLWLHVDWDFURVVVHFWLRQDORQJWKH
VWUHDPZLVHGLUHFWLRQ]D[LVIRUWKHIXOOSLSHWKHWKUHH
TXDUWHUSLSHDQGWKHKDOISLSHIORZIRUVKHDU5H\QROGV
QXPEHU D?D?ఛ ൌ  ? ? ? 7KHUH LV DQ LQGLFDWLRQ RI WKHSUHVHQFHRIVHFRQGDU\IORZVLQ)LJXUHGIGXHWRWKH
H[LVWHQFHRIWKHIODWERXQGDU\DULVLQJIURPWKHVLPXODWHG
KRPRJHQHRXV VWDWLRQDU\ VHGLPHQW EHG ZLWK QR
VHFRQGDU\IORZVVHHQLQWKHIXOOSLSHIORZLQ)LJXUHE
DVZRXOGEHDQWLFLSDWHG7KHVHVHFRQGDU\IORZVFRQVLVW
RIWZRSDLUVRIFRXQWHUURWDWLQJFRUQHUYRUWLFHVZLWKWKH
IORZ FRQYHFWHG LQWR WKH FRUQHUV RI WKH SLSH IURP WKH
FHQWUDO UHJLRQRI WKH IORZ DQG DZD\ IURP WKHFRUQHUV
DORQJWKHSLSHZDOOV7KHPDJQLWXGHRI WKHVHFRQGDU\
IORZVLVDSSUR[LPDWHO\RIWKHVWUHDPZLVHYHORFLW\
(YHQDWVXFKORZYDOXHVWKHSUHVHQFHRIWKHVHFRQGDU\
IORZVVWLOOLQIOXHQFHVWKHFKDUDFWHULVWLFVRIWKHPHDQIORZ
DQGWKHWXUEXOHQFHVWUXFWXUHDVVHHQLQ)LJXUHDF
H DQG LVH[SHFWHG WRKDYHDVLJQLILFDQW LQIOXHQFH RQ
SDUWLFOHG\QDPLFVLQFOXGLQJSDUWLFOHDJJORPHUDWLRQDQG
GHSRVLWLRQ 
$QRWKHU LQGLFDWLRQ RI WKH H[LVWHQFH RI VHFRQGDU\
IORZVLQWKHSLSHVZLWKVWDWLRQDU\VHGLPHQWEHGVLVWKH
GLVWRUWLRQRIWKHPHDQVWUHDPZLVHIORZFRQWRXUVVKRZQ
LQ )LJXUH  IRU D?௛ ൌ  ?Ȁ ? DQG D?௛ ൌ  ?Ȁ ? ZLWK WKHVH
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D?௭ǡ௥௠௦  D?௬ǡ௥௠௦  D?௫ǡ௥௠௦  
D?௫D?௭  
FURVV VHFWLRQV REWDLQHG DW WKH D?௭ െ  ? QRGH LQ WKH ]GLUHFWLRQ 7KLV GLVWRUWLRQ GXH WR WKH VHFRQGDU\ IORZV
FDXVHVWKHPHDQVWUHDPZLVHYHORFLW\FRQWRXUVWREXOJH
RXWWRZDUGVWKHFRUQHUVRIWKHSLSHZLWKWKHGHJUHHRI
GLVWRUWLRQ LQFUHDVLQJ IURP WKH WKUHHTXDUWHU WR WKHKDOI
SLSH IORZ 6LPLODU REVHUYDWLRQV KDYH EHHQ PDGH E\
/DUVVRQHWDO  LQ WKHFDVHRIVHPLFLUFXODUGXFW
IORZV 
 
 
 
)LJXUH  3VHXGRFRORXU YLVXDOLVDWLRQ RI WKH PHDQ
VWUHDPZLVHYHORFLW\RIWKHWXUEXOHQWSLSHIORZDWVKHDU
5H\QROGVQXPEHU D?D?ఛ ൌ  ? ? ?IRUDWKUHHTXDUWHUSLSHD?௛ ൌ  ?Ȁ ? DQG E KDOISLSH D?௛ ൌ  ?Ȁ ? 1RWH UHGUHSUHVHQWV PD[LPXP YDOXHV DQG EOXH UHSUHVHQWV
PLQLPXPYDOXHVLQWKLVFDVH]HUR 
 
   
 
)LJXUH6QDSVKRWVRISDUWLFOHVSDWLDOGLVWULEXWLRQLQWKH
ZKROHFRPSXWDWLRQDOGRPDLQSORWWHGLQDUELWUDU\DVSHFW
UDWLR3DUWLFOHGLPHWHU LV D?௣ ൌ  ? ? D?D?6WRNHVQXPEHUD?D?ൌ  ?ǣ D IXOO SLSH D?௛ ൌ  ? E WKUHHTXDUWHU D?௛ ൌ ?Ȁ ?ǡ DQGFKDOISLSH D?௛ ൌ  ?Ȁ ? 
 
$ YLVXDO LPSUHVVLRQ RI SDUWLFOH ORFDWLRQV ZLWKLQ WKH
ZKROHFRPSXWDWLRQDOGRPDLQLVVKRZQLQ)LJXUHIRUWKH
SLSHIORZZLWKYDULRXVEHGKHLJKWVWKLVWLPHDWDVKHDU
5H\QROGV QXPEHU D?D?ఛ ൌ  ? ? ?ǡ  DQG IRU SDUWLFOHSURSHUWLHV GLDPHWHU D?௣ ൌ  ? ? D?D? 6WRNHV QXPEHUD?D?ൌ  ? DQG QXPEHU RI SDUWLFOHV D?௣ ൌ  ? ? ?ǡ ? ? ? 7KH
ILJXUH VKRZV W\SLFDO WKUHHGLPHQVLRQDO SDUWLFOH VSDWLDO
GLVWULEXWLRQV WKRXJK QRW GUDZQ WR VFDOH 7KH SDUWLFOH
EHKDYLRXULVLQIOXHQFHGE\WKHSUHVHQFHRUDEVHQFHRI
WKHVWDWLRQDU\IODWEHGDQGWKHLQGXFHGVHFRQGDU\IORZV
DQG WXUERSKRUHWLF HIIHFWV WKDW LV WKH WHQGHQF\ IRU
SDUWLFOHV WR PLJUDWH LQ WKH GLUHFWLRQ RI GHFUHDVLQJ
WXUEXOHQFH OHYHOV ZKLFK DFWV WR VHJUHJDWH SDUWLFOHV
LQGXFLQJSUHIHUHQWLDODFFXPXODWLRQRILQHUWLDOSDUWLFOHVDW
WKHSLSHZDOO 
)XUWKHUGHWDLOVDUHSURYLGHGLQ)LJXUHZKHUHFURVV
IORZVOLFHVIRUWKHWKUHHFDVHVDUHSORWWHG7KHWKLFNQHVV
RI WKHVOLFH LVDSSUR[LPDWHO\ D?Ȁ ?DQGVDPSOHVRI WKH
SDUWLFOHVZHUHWDNHQDWWKHH[LWRIWKHSLSHIRUDOOWKUHH
FDVHV7KHILJXUHVVKRZWKDWPRUHDFFXPXODWLRQRIWKH
SDUWLFOHVRFFXUVRQWKHFXUYHGSLSHVXUIDFHWKDQRQWKH
IODWEHGVXUIDFH+HQFHPRUHSDUWLFOHVDUHGHSRVLWHGLQ
WKHFDVHRIWKHIXOOSLSHIORZLQ)LJXUHDWKDQLQ)LJXUH
EIRUWKHWKUHHTXDUWHUSLSHIORZRULQ)LJXUHFIRU
WKH VHPLFLUFXODU FURVV VHFWLRQHG SLSH $V WKH
VHFRQGDU\IORZVZHUHIRXQGWREHVWURQJHUDVWKHEHG
KHLJKWLQFUHDVHVLWLVHYLGHQWWKDWWKHVHVHFRQGDU\IORZV
KDYHHQKDQFHGSDUWLFOHUHVXVSHQVLRQIURPWKHVROLGIODW
VXUIDFHEDFNLQWRWKHPDLQERG\RIWKHIORZUHVXOWLQJLQ
IHZHUGHSRVLWHGSDUWLFOHV  
 
 
 
 
 
 
 
)LJXUH,QVWDQWDQHRXVSDUWLFOHVSDWLDOGLVWULEXWLRQLQD
WKLQ FURVV IORZ VOLFH RI WKLFNQHVV RI D?Ȁ ? IRU SDUWLFOH
GLDPHWHU D?௣ ൌ  ? ? D?D? DQG 6WRNHV QXPEHU D?D?ൌ  ? DW
VKHDU 5H\QROGV QXPEHU D?D?ఛ ൌ  ? ? ?  D IXOO SLSHIORZ D?௛ ൌ  ?EWKUHHTXDUWHUSLSHIORZ D?௛ ൌ  ?Ȁ ?ǡ DQGF KDOI SLSH IORZ D?௛ ൌ  ?Ȁ ? IORZ &RORXU HQFRGHG IRUWKHSDUWLFOHLQVWDQWDQHRXVVWUHDPZLVHYHORFLW\ZLWKEOXH
DVDQGUHGDVWKHPD[LPXPWKHVL]HRIWKHVKDSHLV
DUELWUDU\ 
D E F 
D 
E 
F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D 
&RQFOXVLRQV 
/DUJH HGG\ VLPXODWLRQ RI WXUEXOHQW SLSH IORZ ZLWK
YDULDEOHEHGKHLJKWVZDVSHUIRUPHGWRVLPXODWHYDULRXV
GHJUHHVRIEHG IRUPDWLRQ UHSUHVHQWDWLYHRI VLWXDWLRQV
WKDWPD\RFFXUGXULQJWKHPRELOLVDWLRQDQGWUDQVSRUWRI
QXFOHDU ZDVWH 7KH UHVXOWV SUHVHQWHG LQ WKLV VWXG\
UHSURGXFHG WKH PDLQ IHDWXUHV GHULYHG LQ VWXGLHV RQ
VLPLODU JHRPHWULHV HJ VHFRQGDU\ IORZV LQ IORZV ZLWK
VHGLPHQW EHGV 5HVXOWV IURP GLVFUHWH SDUWLFOH
VLPXODWLRQ FRXSOHG WR WKH ODUJH HGG\ VLPXODWLRQV
VKRZHG WKDWSDUWLFOHGHSRVLWLRQRQ WKHFXUYHGDQG IODW
VXUIDFHVRFFXUVWRGLIIHUHQWH[WHQWV ODUJHO\GXHWRWKH
SUHVHQFHRIVHFRQGDU\IORZVZKLFKHQKDQFHSDUWLFOHUH
VXVSHQVLRQIURPWKHVROLGIODWVXUIDFH$OOWKHVHUHVXOWV
DUHRIUHOHYDQFHWRWKHEHKDYLRXURIWKHWZRSKDVHIORZV
HQFRXQWHUHG GXULQJ ZDVWH SURFHVVLQJRSHUDWLRQVDQG
KDYH ZLGHU LPSOLFDWLRQV IRU SDUWLFOH GLVSHUVLRQ
DJJORPHUDWLRQGHSRVLWLRQDQGEHGIRUPDWLRQDVZHOODV
SDUWLFOH UHVXVSHQVLRQ IURP EHGV LQ SLSH IORZV
WUDQVSRUWLQJZDVWH 
$FNQRZOHGJHPHQWV 
7KHDXWKRUVZRXOGOLNHWRWKDQNWKH(QJLQHHULQJDQG
3K\VLFDO6FLHQFHV5HVHDUFK&RXQFLOIRUWKHLUVXSSRUWRI
WKLVZRUNWKURXJKWKH',67,1&7,9('HFRPPLVVLRQLQJ
,PPRELOLVDWLRQDQG6WRUDJH6ROXWLRQVIRU1XFOHDU:DVWH
,QYHQWRULHV SURMHFW XQGHU *UDQW 1R (3/
3DUWRIWKLVZRUNZDVXQGHUWDNHQRQ$5&DQG$5&
SDUWRIWKHKLJKSHUIRUPDQFHFRPSXWLQJIDFLOLWLHVDWWKH
8QLYHUVLW\RI/HHGV 
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